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Eigenvalue Estimate for the basic Laplacian on manifolds with
foliated boundary, part II
Fida El Chami∗, Georges Habib†, Ola Makhoul ‡, Roger Nakad §
Abstract
In [4], we gave a sharp lower bound for the first eigenvalue of the basic Laplacian acting on
basic 1-forms defined on a compact manifold whose boundary is endowed with a Riemannian
flow. In this paper, we extend this result to the case of basic p-forms for p > 1. As in [4], the
limiting case allows to characterize the manifold Γ\R×B
′
for some group Γ, and where B′
denotes the unit closed ball. In particular, we describe the Riemannian product S1 × Sn as the
boundary of a manifold.
Key words: Riemannian flow, manifolds with boundary, basic Laplacian, eigenvalue, second fun-
damental form, O’Neill tensor, basic Killing forms, rigidity results.
Mathematics Subject Classification: 53C12, 53C24, 58J50, 58J32.
1 Introduction
On a compact manifold N whose boundary M carries a Riemannian flow given by a unit vector
field ξ (see Section 2 for the definition), we derive in [4] a spectral inequality for the basic Laplacian.
In fact, by a suitable extension of any basic closed p-form to the whole manifold N (see Lemma
3.1), we estimated the first eigenvalue of the basic Laplacian (restricted to closed forms) in terms
of the principal curvatures when p = 1 [4, Thm. 1.1]. The main tool in our estimate is the so-called
Reilly formula [10] obtained by integrating the Bochner-Weitzenbo¨ck formula over N and using
the Stokes formula. As a consequence of our estimate, we obtain several rigidity theorems which
mainly characterize the flow as a local product and the boundary as an η-umbilical submanifold
(see [4, Sec. 5]). These results can be seen as a foliated version of the work of Raulot and Savo in [10].
In this paper, we generalize the results stated in [4] to any basic p-form when p > 1. Some of the
techniques used in this work are similar to those of p = 1 (Lemmas 3.1 and 3.2) but new results
are needed to get the estimate and to study the equality case (Lemmas 3.3, 4.2, 4.3 and 4.4). First,
we prove
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Theorem 1.1 Let (Nn+2, g) be a Riemannian manifold whose boundaryM has a positive curvature
operator and that σn+1−p(M) > 0 for some 2 ≤ p ≤
n
2 . Assume that M is endowed with a minimal
Riemannian flow given by a unit vector field ξ. Then
λ′1,p + 4c
2[
n
2
] ≥
(
σp+1(M)− sup
M
g(S(ξ), ξ)
)
σn+2−p(M), (1)
where c denotes the supremum over M of |Ω|.
Inequality (1) differs from the one in [4, Thm. 1.1] because of the additional term in c that comes
from computing the norm of the interior product of the O’Neill tensor with any basic p-form (see
Lemma 3.3). When equality is realized in (1), the term in c turns out to be zero. This yields to the
following characterization:
Theorem 1.2 Under the same assumptions as in Theorem 1.1 with n even, if σ1(M) ≥ 0 and the
equality case is realized, the manifold N is then isometric to the quotient Γ\R×B
′
, where B′ is the
unit closed ball in Rn+1 and Γ is a co-compact subgroup.
As a consequence of this last theorem, we describe manifolds whose boundaries are isometric to the
Riemannian product S1 × Sn and get the following rigidity result:
Corollary 1.3 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M is S1 × Sn and (n + 1− p) supM g(S(ξ), ξ) + 4c
2[n2 ] ≤ 0. If
the inequality σp+1(M) ≥ p holds, the manifold N is isometric to S
1 ×B′.
When changing the sign of the expression in Corollary 1.3, another rigidity result can be obtained:
Corollary 1.4 Let N be a (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M is S1 × Sn and (n + 1− p) supM g(S(ξ), ξ) + 4c
2[n2 ] ≥ 0. If
the inequality σp+1(M) ≥ p holds, the manifold N is isometric to S
1 ×B′.
Note that we end this paper by an appendix section where we put some technical formulas that
were useful in our computations.
2 Riemannian flows and manifolds with boundary
Throughout this section, we recall the main ingredients of Riemannian flows defined on a manifold
and the basic facts on manifolds with boundary. We will use the preliminaries and the notations
of [4].
Let (M,g) be a Riemannian manifold and ξ be a smooth unit vector field on M defining the
structure of a Riemannian flow on M . In other words, the integral curves of ξ foliate the manifold
M such that the leaves are locally equidistant [14]. One can easily see that the endomorphism
h := ∇Mξ (known as the O’Neill tensor [9]) defines a skew-symmetric tensor field on the normal
bundle Q = ξ⊥. Hence we can associate to h the differential 2-form Ω(Y,Z) = g(h(Y ), Z) for
any sections Y,Z in Γ(Q). On the other hand, the normal bundle carries a covariant derivative ∇
compatible with the induced metric g [14]. It is easy to check that the corresponding Levi-Civita
connections on M and Q are related for all sections Z,W in Γ(Q) via the Gauss-type formulas:

∇MZ W = ∇ZW − g(h(Z),W )ξ,
∇Mξ Z = ∇ξZ + h(Z)− κ(Z)ξ,
2
where κ := ∇Mξ ξ is the mean curvature of the flow. Recall now that a basic form is a differential
form ϕ on M such that ξyϕ = 0 and ξydMϕ = 0. We will denote by ΩB(M) the set of all such
forms. Clearly, basic forms are preserved by the exterior derivative dM and therefore we can set
db := d
M |ΩB(M). For a compact manifold M , we consider the L
2-adjoint of db, denoted by δb, and
define the basic Laplacian as ∆b = dbδb + δbdb. From the spectral theory of transversally elliptic
operators, the basic Laplacian has a discrete spectrum [5, 6].
Since we are going to define Riemannian flows on manifolds with boundary, we then need to recall
some basic facts on such manifolds. For this purpose, we let (Nn+1, g) be a Riemannian manifold
of dimension n + 1 with boundary M . We denote by η1, · · · , ηn+1 the principal curvatures of M
and arrange them so that η1 ≤ η2 ≤ · · · ≤ ηn+1. For any p ∈ {1, · · · , n + 1}, we denote the lowest
p-curvatures σp by σp(x) = η1(x) + · · · + ηp(x). It is a clear fact that for p ≤ q, the inequality
σp
p
≤
σq
q
holds where the optimality is achieved if and only if either η1 = η2 = · · · = ηq or p = q.
Now let ν be the inward unit nomal vector field on M . The shape operator (or the Weingarten
tensor) is defined for all X ∈ Γ(TM) as S(X) = −∇NXν where ∇
N is the Levi-Civita connection of
N . Recall the Gauss-Codazzi equation for any X,Y ∈ Γ(TM),
(∇MX S)(Y )− (∇
M
Y S)(X) = R
N(Y,X)ν. (2)
As mentionned in [10], the Weingarten map admits a canonical extension to any p-form ϕ on M
by the following:
S[p](ϕ)(X1, · · · ,Xp) =
p∑
i=1
ϕ(X1, · · · , S(Xi), · · · ,Xp).
The eigenvalues of S[p] are exactly the p-curvatures and that means the following inequality
〈S[p](ϕ), ϕ〉 ≥ σp(M)|ϕ|
2 (3)
holds, where σp(M) is the infimum over M of the lowest p-curvatures σp.
Now, we recall the Reilly formula established in [10]. For this, we denote by J∗ the restriction of
differential forms on N to the boundaryM . At any point x ∈M , the relation |J∗α|2+ |νyα|2 = |α|2
is true for any differential form α in Λp(N). The formula is the following∫
N
|dNα|2 + |δNα|2 =
∫
N
|∇Nα|2 + 〈W
[p]
N (α), α〉 + 2
∫
M
〈νyα, δM (J∗α)〉 +
∫
M
B(α,α)
where
B(α,α) = 〈S[p](J∗α), J∗α〉+ 〈S[n+2−p](J∗(∗Nα)), J
∗(∗Nα)〉
= 〈S[p](J∗α), J∗α〉+ (n+ 1)H|νyα|2 − 〈S[p−1](νyα), νyα〉,
and W
[p]
N is the curvature term that appears in the Bochner-Weitzenbo¨ck formula for the Laplacian
on N. We mention here that J∗(∗Nα) is equal (up to a sign) to ∗M (νyα) and that when the
curvature operator of N is non-negative, the term W
[p]
N ≥ 0.
Finally, the following boundary problem will be of interest in our study. In fact, given any p-form
ϕ on M , the solution of 

∆N ϕˆ = 0 on N,
J∗ϕˆ = ϕ, J∗(δN ϕˆ) = 0 on M
(4)
is unique on N by Lemma 3.5.6 in [12]. Moreover, the p-form ϕˆ is co-closed on N and dN ϕˆ ∈
Hp+1(N) (see [1, Lemma 3.1] for more details).
3
3 Eigenvalue estimate for the basic Laplacian on manifolds with
foliated boundary
In this section, we are going to prove Theorem 1.1. For this purpose, we need to state the following
lemmas already proved in [4].
Lemma 3.1 [4] Let (Nn+2, g) be a Riemannian manifold with boundary M with W
[p+1]
N ≥ 0 for
some 1 ≤ p ≤ n. Assume that M carries a Riemannian flow given by a unit vector field ξ. Given
a basic closed p-form ϕ and if σn+1−p(M) > 0 the corresponding solution ϕˆ of Problem (4) is then
closed and co-closed on N .
Lemma 3.2 [4] Let (Nn+2, g) be a Riemannian manifold with boundary M . Assume thatM carries
a Riemannian flow given by a unit vector field ξ. We have
〈S[p](ϕ), ϕ〉 ≥ (σp+1(M) − g(S(ξ), ξ))|ϕ|
2 ,
for any basic p-form ϕ on M.
Moreover, we need to get an upper bound for the norm of the interior product of the 2-form Ω with
any basic p-form. Indeed,
Lemma 3.3 Let (Nn+2, g) be a Riemannian manifold with boundary M . Assume that M carries
a Riemannian flow given by a unit vector field ξ. For any basic p-form ϕ with p ≥ 2, we have
|Ωyϕ| ≤ [
n
2
]
1
2 |Ω||ϕ|.
If n is even, the equality is realized if and only if Ω = 0.
Proof. Let λj be the eigenvalues of the 2-form Ω. We can always find an orthonormal frame {ei}
of Γ(Q) such that Ω =
∑[n
2
]
j=1 λje2j−1 ∧ e2j . Therefore, we compute
|Ωyϕ| = |
[n
2
]∑
j=1
λj(e2j−1 ∧ e2j)yϕ|
≤
[n
2
]∑
j=1
|λj ||e2j−1y(e2jyϕ)|
≤
[n
2
]∑
j=1
|λj ||ϕ| ≤ [
n
2
]
1
2 |Ω||ϕ|.
Here we used the fact that |vyϕ| ≤ |v||ϕ| and the Cauchy-Schwarz inequality (in the last
estimate). Assume now that the equality is realized, then either all the λ′js are of the same
absolute value and there exists a j such that λj = 0 (in this case, all the λj’s are 0) or for all j,
e2j ∧ϕ = 0 and e2j−1 ∧ϕ = 0. But for n even, the last statement just means that X ∧ϕ = 0 for all
X ∈ Γ(Q) and thus ϕ = 0. This leads to a contradiction; hence λj = 0 for all j which yields Ω = 0. 
Now, we have all the materials to prove Theorem 1.1:
4
Proof of Theorem 1.1. For any basic closed p-eigenform ϕ corresponding to the eigenvalue λ′1,p
of the basic Laplacian, we associate its extension ϕˆ that is closed and co-closed on N from Lemma
3.1. Applying the Reilly formula to the p-form ϕˆ gives, under the curvature assumption and with
the use of Lemma 3.2 for the eigenform ϕ, the following
0 ≥ 2
∫
M
〈νyϕˆ, δMϕ〉 + σp+1(M)
∫
M
|ϕ|2 −
∫
M
g(S(ξ), ξ)|ϕ|2 + σn+2−p(M)
∫
M
|νyϕˆ|2.
Using the pointwise inequality |νyϕˆ + 1
σn+2−p(M)
δMϕ|2 ≥ 0, the above one can be reduced to the
following ∫
M
|δMϕ|2 ≥ σp+1(M)σn+2−p(M)
∫
M
|ϕ|2 − σn+2−p(M) sup
M
(g(S(ξ), ξ))
∫
M
|ϕ|2. (5)
Now from the relation δb = δM −2Ωy(ξ∧) on basic forms [11, Prop.2.4] and the estimate in Lemma
3.3, we get
|δMϕ|2 = |δbϕ|
2 + 4|Ωyϕ|2 + 4〈δbϕ,Ωy(ξ ∧ ϕ)〉
≤ |δbϕ|
2 + 4c2[
n
2
]|ϕ|2.
The third term is zero, since δbϕ is basic. Therefore after integrating over the manifoldM, we finish
the proof of the theorem. 
Remark 3.4 The assumptions on the curvature could be weakened. The positivity of the curvature
operator could be replaced by the positivity of W
[p]
N and W
[p+1]
N .
4 The equality case
This section is devoted to the proof of Theorem 1.2. In other words, we are going to study the
limiting case of Inequality (1). We will show that, under some conditions, the second fundamental
form vanishes along ξ and is equal to η Id in the direction of Q for some constant η, i.e. the boundary
is η-umbilical. We will also prove that the O’Neill tensor defining the flow vanishes; this is equivalent
to the integrability of the normal bundle. Consequently, the extension of the vector field ξ given
by Problem (4) is parallel on the whole manifold. This allows the classification of all manifolds on
which Inequality (1) is optimal.
It is clear to see that when the equality is realized, the estimate in Lemma 3.3 is optimal which
means that h = 0. On the other hand, the eigenform ϕˆ is parallel on N and σp+1, σn+2−p and
g(S(ξ), ξ) are constant on M . Moreover, we have the relation
δMϕ = −σn+2−pνyϕˆ. (6)
In particular, using the relations in [10, Lemma 18], we get for all X ∈ Γ(TM),


∇MX ϕ = S(X) ∧ (νyϕˆ)
∇MX (νyϕˆ) = −S(X)yϕ,
δMϕ = S[p−1](νyϕˆ)− σn+1νyϕˆ
dM (νyϕˆ) = −S[p](ϕ).
(7)
5
Hence using the last two equations in (7) along with Equation (6), we deduce that


S[p−1](νyϕˆ) = (σn+1 − σn+2−p)νyϕˆ
S[p](ϕ) = (σp+1 − g(S(ξ), ξ))ϕ.
(8)
In order to prove that the manifold N is isometric to the quotient Γ\R×B
′
, we need first to prove
a series of lemmas:
Lemma 4.1 If the equality is realized in (1), then S(ξ) = 0.
Proof. Using Equation (6), we deduce that the form νyϕˆ is basic (recall here that δMϕ = δbϕ).
Hence by applying the first equation in (8) to the vector fields ξ and X1, · · · ,Xp−2 ∈ Γ(Q), we
find that S(ξ)y(νyϕˆ) = 0. On the other hand, since the O’Neill tensor vanishes, then ∇Mξ ϕ = ∇ξϕ
which is equal to zero, because the form ϕ is basic. Here, we recall that ∇ is the extension of the
transversal Levi-Civita connection ∇ to basic forms. Finally, by taking X = ξ in the first equation
of (7) we find that S(ξ) ∧ (νyϕˆ) = 0. Mainly, that means S(ξ) = 0. We mention here that νyϕˆ
cannot vanish, since this would imply that ∇MX ϕ = 0 for all X ∈ Γ(TM) which would give that
λ′1,p = 0. 
In the sequel, we aim to prove that the principal curvatures of S are constant and are all equal
to a number η, along transversal principal directions. The proof of this statement is a technical
computation and will be splitted into several lemmas (see Lemmas 4.2, 4.3 and 4.4). For this, we
will consider in all our calculations an orthonormal frame {fi}i=1,··· ,n+1 of Γ(TM).
Lemma 4.2 If the equality is realized in (1), the identity
n+1∑
i=1
〈(∇Mfi S)
[p]ϕ, fi ∧ (νyϕˆ)〉 = ((σp+1 − σn+1 + σn+2−p)σn+2−p − |S|
2)|νyϕˆ|2
+
n+1∑
i=1
〈fiy(νyϕˆ), S
2(fi)y(νyϕˆ)〉 (9)
holds.
Proof. By differentiating the second equation in (8) in the direction of any vector fieldX ∈ Γ(TM),
we get after using (18)
S[p](SX ∧ (νyϕˆ)) + (∇MX S)
[p]ϕ = σp+1SX ∧ (νyϕˆ).
Here we also used the first equation in (7). Setting X = fi and taking the scalar product of the
last equality with fi ∧ (νyϕˆ), we obtain after tracing and using (19) that,
n+1∑
i=1
〈(∇Mfi S)
[p]ϕ, fi ∧ (νyϕˆ)〉 = σp+1
n+1∑
i=1
〈S(fi) ∧ (νyϕˆ), fi ∧ (νyϕˆ)〉
−
n+1∑
i=1
〈S2(fi) ∧ (νyϕˆ), fi ∧ (νyϕˆ)〉
−
n+1∑
i=1
〈S(fi) ∧ S
[p−1](νyϕˆ), fi ∧ (νyϕˆ)〉.
6
Then with the help of (8), the last equality reduces to
n+1∑
i=1
〈(∇Mfi S)
[p]ϕ, fi ∧ (νyϕˆ)〉 = (σp+1 − σn+1 + σn+2−p)
n+1∑
i=1
〈S(fi) ∧ (νyϕˆ), fi ∧ (νyϕˆ)〉
−
n+1∑
i=1
〈S2(fi) ∧ (νyϕˆ), fi ∧ (νyϕˆ)〉. (10)
In order to finish the proof, it is sufficient to calculate the two sums in the r.h.s. of (10). In fact,
the first sum is equal to
n+1∑
i=1
〈S(fi) ∧ (νyϕˆ), fi ∧ (νyϕˆ)〉 = σn+1|νyϕˆ|
2 −
n+1∑
i=1
〈fiy(νyϕˆ), S(fi)y(νyϕˆ)〉
(20),(8)
= σn+2−p|νyϕˆ|
2,
while the second one is
n+1∑
i=1
〈S2(fi) ∧ (νyϕˆ), fi ∧ (νyϕˆ)〉 = |S|
2|νyϕˆ|2 −
n+1∑
i=1
〈S2(fi)y(νyϕˆ), fiy(νyϕˆ)〉.
The substitution into (10) gives the desired result. 
In the following lemma, we will compute the l.h.s. of Equation (9) in terms of the curvature operator
W [p]. Indeed,
Lemma 4.3 If the equality is realized in (1), the relation
n+1∑
i=1
〈(∇Mfi S)
[p]ϕ, fi ∧ (νyϕˆ)〉 = −〈W
[p](ν ∧ (νyϕˆ)), ϕ〉 +
n+1∑
i=1
〈fiyϕ, S
2(fi)yϕ〉
+(σn+1 − σn+2−p − σp+1)σp+1|ϕ|
2, (11)
holds.
Proof. Using the symmetry property of the tensor ∇MS and Equation (19), the l.h.s. of Equation
(9) is equal to
n+1∑
i=1
〈ϕ, (∇Mfi S)(fi) ∧ (νyϕˆ)〉+ 〈ϕ, fi ∧ (∇
M
fi
S)[p−1](νyϕˆ)〉
(21)
= (−1)
p(p−1)
2
n+1∑
i=1
〈(νyϕˆ)yϕ, (∇Mfi S)(fi)〉+
n+1∑
i=1
〈ϕ, fi ∧ (∇
M
fi
S)[p−1](νyϕˆ)〉.
Therefore, from Equation (2) and again from the symmetry of ∇MS, the above expression reduces
to
(−1)
p(p−1)
2
n+1∑
i=1
〈(∇M(νyϕˆ)yϕS)(fi), fi〉+ (−1)
p(p−1)
2 RN ((νyϕˆ)yϕ, fi, ν, fi) +
n+1∑
i=1
〈ϕ, fi ∧ (∇
M
fi
S)[p−1](νyϕˆ)〉
= (−1)
p(p−1)
2 ((νyϕˆ)yϕ)(σn+1)− (−1)
p(p−1)
2
n+1∑
i=1
RN (ν, fi, fi, (νyϕˆ)yϕ) +
n+1∑
i=1
〈ϕ, fi ∧ (∇
M
fi
S)[p−1](νyϕˆ)〉.
(12)
7
Let us explicit now the curvature term 〈W [p](ν ∧ (νyϕˆ)), ϕ〉. Recall that W [p] =
∑
i,j e
∗
j ∧
eiyR
N (ei, ej) where {ei}i=1,··· ,n+2 is any orthonormal frame of TN . At a point x ∈M , we take the
orthonormal frame on TxN as {fi, ν}i=1,··· ,n+1 and get
〈W [p](ν ∧ (νyϕˆ)), ϕ〉 =
n+1∑
i=1
〈νyRN (ν, fi)(ν ∧ (νyϕˆ)), fiyϕ〉+
n+1∑
i,j=1
〈fiyR
N (fi, fj)(ν ∧ (νyϕˆ)), fjyϕ〉
=
n+1∑
i=1
〈RN (ν, fi)νyϕˆ, fiyϕ〉+
n+1∑
i,j=1
〈RN (ν, fi)fi, fj〉〈νyϕˆ, fjyϕ〉
−
n+1∑
i,j=1
〈RN (fi, fj)ν ∧ fiy(νyϕˆ), fjyϕ〉.
Then using (21), we deduce that
〈W [p](ν ∧ (νyϕˆ)), ϕ〉 =
n+1∑
i=1
〈RN (ν, fi)νyϕˆ, fiyϕ〉+ (−1)
p(p−1)
2
n+1∑
i=1
RN(ν, fi, fi, (νyϕˆ)yϕ)
−
n+1∑
i,j=1
〈RN (fi, fj)ν ∧ fiy(νyϕˆ), fjyϕ〉.
(13)
For simplicity, we will denote the first, the second and the third terms in (13) respectively by
(∗), (∗∗) and (∗ ∗ ∗). On one hand, we remark that the term (∗ ∗ ∗) is equal to the following:
∑
i1<···<ip−1
k=1··· ,p−1
i,j=1,··· ,n+1
(−1)k+1(νyϕˆ)i1,··· ,ip−1δiik〈R
N (fi, fj)ν ∧ fi1 ∧ · · · fˆik ∧ · · · ∧ fip−1 , fjyϕ〉
=
∑
i1<···<ip−1
k=1··· ,p−1
j=1,··· ,n+1
(νyϕˆ)i1,··· ,ip−1〈fi1 ∧ · · · ∧R
N (fik , fj)ν ∧ · · · ∧ fip−1 , fjyϕ〉
(2)
=
∑
i1<···<ip−1
k=1··· ,p−1
j=1,··· ,n+1
(νyϕˆ)i1,··· ,ip−1〈fi1 ∧ · · · ∧ (∇
M
fj
S)(fik) ∧ · · · ∧ fip−1 , fjyϕ〉
=
n+1∑
j=1
〈ϕ, fj ∧ (∇
M
fj
S)[p−1](νyϕˆ)〉.
(14)
Hence Equation (12) becomes
n+1∑
i=1
〈(∇Mfi S)
[p]ϕ, fi ∧ (νyϕˆ)〉 = (−1)
p(p−1)
2 ((νyϕˆ)yϕ)(σn+1)− 〈W
[p](ν ∧ (νyϕˆ)), ϕ〉
+(∗). (15)
On the other hand, one can easily check that (∗) + (∗ ∗ ∗) = 0. Indeed, using the second equation
8
in (14), the sum of (∗) and (∗ ∗ ∗) is equal to the following∑
i1<···<ip−1
k=1··· ,p−1
i=1,··· ,n+1
(νyϕˆ)i1,··· ,ip−1{〈fi1 ∧ · · · ∧R
N (ν, fi)fik ∧ · · · ∧ fip−1 , fiyϕ〉
+〈fi1 ∧ · · · ∧R
N (fik , fi)ν ∧ · · · ∧ fip−1 , fiyϕ〉}
=
∑
i1<···<ip−1
k=1,··· ,p−1
i,l=1,··· ,n+1
(νyϕˆ)i1,··· ,ip−1{R
N (fik , fl, ν, fi)〈fi1 ∧ · · · ∧ fl ∧ · · · ∧ fip−1 , fiyϕ〉
+RN (fik , fi, ν, fl)〈fi1 ∧ · · · ∧ fl ∧ · · · ∧ fip−1 , fiyϕ〉},
which is zero when one interchanges the role of the indices i and l in the first summation. Therefore,
and since (∗) = −(∗ ∗ ∗) = −
n+1∑
i=1
〈fiyϕ, (∇
M
fi
S)[p−1](νyϕˆ)〉, then
(∗)
(18)
= −
n+1∑
i=1
〈fiyϕ,∇
M
fi
(S[p−1](νyϕˆ))〉 +
n+1∑
i=1
〈fiyϕ, S
[p−1](∇Mfi (νyϕˆ))〉
(7),(8)
= −
n+1∑
i=1
fi(σn+1)〈fiyϕ, νyϕˆ〉+ (σn+1 − σn+2−p)
n+1∑
i=1
〈fiyϕ, S(fi)yϕ〉
−
n+1∑
i=1
〈fiyϕ, S
[p−1](S(fi)yϕ)〉,
which is, using Equations (21),(20),(23) and (8)
− (−1)
p(p−1)
2 ((νyϕˆ)yϕ)(σn+1) + (σn+1 − σn+2−p)σp+1|ϕ|
2 − σ2p+1|ϕ|
2 +
n+1∑
i=1
〈fiyϕ, S
2(fi)yϕ〉. (16)
Substituting Equation (16) into Equation (15), we finally get the result. 
In the next lemma, we shall compare the sign of the l.h.s. of Equation (9) which is given by (11) to
the r.h.s. and shall find that they are of opposite signs, when a curvature assumption is required. In
particular, this will mean that all principal curvatures along transversal directions are equal. The
statement is:
Lemma 4.4 If the equality is realized and if moreover σ1(M) ≥ 0, then S(X) = ηX for all
X ∈ Γ(Q).
Proof. We will show that the l.h.s. of Equation (9) is non-negative while the r.h.s. is non-positive.
We first begin to check the l.h.s. The eigenform ϕˆ being parallel, the term 〈W [p]ϕˆ, ϕˆ〉 vanishes.
That mainly means, by writing ϕˆ = ϕ+ ν ∧ (νyϕˆ) at any point of the boundary and using the fact
that W [p] is non-negative, the term 〈W [p](ν ∧ (νyϕˆ)), ϕ〉 is non-positive. On the other hand, the
tensor S has 0 as an eigenvalue (recall that S(ξ) = 0) and that σ1(M) ≥ 0, then all ηi’s are greater
than 0 for i = 2, · · · , n+ 1. Hence, we get the estimate
n+1∑
i=1
〈fiyϕ, S
2(fi)yϕ〉 ≥ η2
n+1∑
i=1
〈fiyϕ, S(fi)yϕ〉
(20),(8)
= η2σp+1|ϕ|
2.
Therefore, Equation (11) allows to bound from below the l.h.s. by
(σn+1 − σn+2−p − σp+1 + η2)σp+1|ϕ|
2
= ((ηn+3−p − η3) + · · ·+ (ηn+1 − ηp+1))σp+1|ϕ|
2 ≥ 0,
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since the sequence ηi is increasing. We can easily see that the last expression vanishes when all the
η′is are equal. Concerning the r.h.s. of Equation (9), recall that it is given by
((σp+1 − σn+1 + σn+2−p)σn+2−p − |S|
2)|νyϕˆ|2 +
n+1∑
i=1
〈fiy(νyϕˆ), S
2(fi)y(νyϕˆ)〉. (17)
In the sequel, we will take the vectors {fi}i=1,··· ,n+1 as the principal directions associated with the
principal curvatures ηi of the tensor S. We first estimate
n+1∑
i=1
〈fiy(νyϕˆ), S
2(fi)y(νyϕˆ)〉 =
n+1∑
i=1
ηi〈fiy(νyϕˆ), S(fi)y(νyϕˆ)〉
≤ ηn+1
n+1∑
i=1
〈fiy(νyϕˆ), S(fi)y(νyϕˆ)〉
(20),(8)
= ηn+1(σn+1 − σn+2−p)|νyϕˆ|
2.
Hence, (17) can be bounded from above by
(17) ≤ A|νyϕˆ|2,
where A is given by
A = (σp − σn+1 + σn+2−p)σn+2−p + ηp+1σn+2−p − η
2
2 − · · · − η
2
n + ηn+1(ηn+3−p + · · · + ηn).
In the following, we will prove that A is non-positive, which implies that (17) is non-positive.
A = (σp − σn+1 + σn+2−p)σp+1 + (σp − σn+1 + σn+2−p)(ηp+2 + · · · + ηn+2−p)
+ηp+1σp + ηp+1(ηp+1 + · · ·+ ηn+2−p)− η
2
2 − · · · − η
2
n + ηn+1(ηn+3−p + · · ·+ ηn)
= σpσp+1 − (σn+1 − σn+2−p)σp+1 + (σp − σn+1 + σn+2−p)(ηp+2 + · · ·+ ηn+2−p)
+ηp+1σp +B − η
2
2 − · · · − η
2
p − η
2
n+3−p − · · · − η
2
n + ηn+1(ηn+3−p + · · ·+ ηn)
where B is given by
B = ηp+2(ηp+1 − ηp+2) + ηp+3(ηp+1 − ηp+3) + · · ·+ ηn+2−p(ηp+1 − ηn+2−p).
Clearly B is non-positive. One the other hand, since
S[p](ξ ∧ (νyϕˆ))
(19)
= ξ ∧ S[p−1](νyϕˆ)
(8)
= (σn+1 − σn+2−p)(ξ ∧ (νyϕˆ)),
then σp + σn+2−p ≤ σn+1. Here we use the fact that S(ξ) = 0. Therefore
A ≤ σ2p + 2ηp+1σp − (σn+1 − σn+2−p)σp+1 − η
2
2 − · · · − η
2
p
−η2n+3−p − · · · − η
2
n + ηn+1(ηn+3−p + · · · + ηn)
= 2
∑
2≤i<j≤p
ηiηj + 2ηp+1σp − ηn+3−p(ηn+3−p + σp+1)− · · · − ηn(ηn + σp+1)
−ηn+1(σp+1 − ηn+3−p − · · · − ηn).
Using the fact that for i = n+3−p, · · · , n+1 each ηi ≥ ηp+2 and that ηn+3−p+· · ·+ηn ≤ σp+1, since
σp+1−(ηn+3−p+· · ·+ηn) is an eigenvalue of S
[2] (just apply S[2] to the eigenform (fin+3−p∧· · ·∧fin)yϕ
by using the formula (22)), we deduce that
A ≤ 2
∑
2≤i<j≤p
ηiηj + 2ηp+1σp − ηp+2(p− 1)σp+1 ≤ 0.
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This last inequality is true because the number of positive terms is equal to the number of negative
terms which is p(p− 1). 
Now we are able to prove Theorem 1.2.
Proof of Theorem 1.2. We proceed as in [4] (see also [3] for more details). We first show that
the vector field ξ defining the flow can be extended to a unique parallel vector field ξˆ on N which
is orthogonal to ν. The proof mainly relies on the use of the Reilly formula on the solution ξˆ of
the boundary problem (4). Second, we consider a connected integral submanifold N1 of the bundle
(Rξˆ)⊥, where the orthogonal is taken in N . The manifold N1 is complete with totally umbilical
boundary and the Ricci tensor of ∂N1 is bounded from below by some constant. That means, the
manifold ∂N1 is compact as a consequence of Myers’s theorem. This allows to deduce that N1 is
compact from the main theorem in [8, Thm. 1.1].
On the other hand, we have from Equations (7) that ϕ = − 1
pη
dM (νyϕˆ) which means that it is
dM -exact and thus d∂N1-exact, since ∂N1 is totally geodesic in M and both ϕ and νyϕˆ are basic.
Moreover, the basic form ϕ is an eigenform of the Laplacian on ∂N1, that is ∆
∂N1ϕ = ∆bϕ = λ
′
1,pϕ.
Therefore, if we denote by λ∂N11,p the first eigenvalue of ∆
∂N1 restricted to exact p-forms on N1 and
by σ˜p the p-curvatures of ∂N1 into the compact manifold N1, we get from the main estimate in [10,
Thm. 5] that
p(n+ 1− p)η2 = σ˜pσ˜n+1−p ≤ λ
∂N1
1,p ≤ λ
′
1,p = σp+1σn+2−p = p(n+ 1− p)η
2.
Hence the equality is attained in the estimate of Raulot and Savo and therefore N1 is isometric
to the Euclidean closed ball B′. Finally, by the de Rham theorem, the manifold N˜ is isometric to
R ×B′ and N is the quotient of the Riemannian product R × B′ by its fundamental group. Since
pi1(N) embeds into pi1(M) , N is isometric to Γ\R×B
′
. 
5 Rigidity results on manifolds with foliated boundary
Our objective, in this section, is to derive rigidity results on manifolds with foliated boundary.
These results generalize the ones in [4, Sect. 5]. For this end, we recall that a basic special Killing
p-form ω is a basic co-closed (with respect to the basic codifferential δb) form satisfying for all
X ∈ Γ(Q) the relations
∇Xω =
1
p+ 1
Xydbω and ∇Xdbω = −c(p+ 1)X ∧ ω,
where ∇ is the transversal Levi-Civita connection, defined in Section 2, extended to basic forms
and c is a non-negative constant. In general, one can prove that a basic special Killing p-form is a
co-closed eigenform of the basic Laplacian corresponding to the eigenvalue c(p+1)(n− p) where n
is the rank of Q.
In the following, we will consider a compact manifold N whose boundary carries a basic special
Killing p-form. We will see how we could characterize the boundary as the product S1 × Sn and
this is due to the equality case of our main estimate. We first prove the following result:
Corollary 5.1 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M carries a minimal Riemannian flow such that (n + 1 −
p) supM g(S(ξ), ξ) + 4c
2[n2 ] ≤ 0 and also admits a basic special Killing (n − p)-form for some
2 ≤ p ≤ n2 . If the inequality σp+1(M) ≥ p holds, the manifold N is isometric to Γ\
R×B′.
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Proof. Let ϕ be a basic special Killing (n− p)-form on M . Then ∗bϕ is a basic closed p-eigenform
for the basic Laplacian, that is ∆b(∗bϕ) = p(n + 1 − p)(∗bϕ). Here, we used the minimality of
the flow to say that the basic Hodge operator “∗b” commutes with the basic Laplacian. Hence
λ′1,p ≤ p(n + 1 − p). To get the upper bound, we will use the estimate in Theorem 1.1. First,
we have σn+1−p ≥ σp+1 > 0 as 2 ≤ p ≤
n
2 . On the other hand, by considering the functions
θi = σi+1 − η1 for all i = 1, · · · , n, and using the estimate
σn+2−p ≥
n+ 1− p
p
θp + η1 ≥ (n+ 1− p)− η1
(n + 1− 2p)
p
≥ n+ 1− p,
we finish the proof with the help of the fact that η1 ≤ g(S(ξ), ξ) ≤ 0. 
Using this last result, we can prove Corollary 1.3 and the next one as in [4].
Corollary 5.2 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that M = S1 × Sn with n ≥ 3, the sectional curvature KN of N vanishes on M,
the mean curvature H > 0 and (n + 1 − p) supM g(S(ξ), ξ) + 4c
2[n2 ] ≤ 0. Then, the manifold N is
isometric to S1 ×B′.
Also, an analogue result holds:
Corollary 5.3 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M carries a minimal Riemannian flow such that (n + 1 −
p) supM g(S(ξ), ξ) + 4c
2[n2 ] ≥ 0 and also admits a basic special Killing (n − p)-form for some
2 ≤ p ≤ n2 . If the inequality σp+1(M) ≥ p + sup
M
g(S(ξ), ξ) + 4
n+1−pc
2[n2 ] holds, the manifold N is
isometric to Γ\R×B
′
.
Proof. We follow the same proof as in Corollary 5.1. We just remark that
σn+2−p ≥
n+ 1− p
p
(p+ sup
M
g(S(ξ), ξ) +
4c2[n2 ]
n+ 1− p
) + η1(
2p − n− 1
p
)
≥ (n+ 1− p) + sup
M
g(S(ξ), ξ) +
4c2[n2 ]
p
≥ n+ 1− p.
This finishes the proof of the corollary. 
The proof of Corollary 1.4 is similar to the one of Corollary 1.3.
6 Appendix
In this section, we will state some technical formulas that we use in our computations. We will
omit the proofs of these formulas and will leave them to the reader.
For any X ∈ Γ(TM), we have
(∇MX S)
[p] = ∇MX S
[p] − S[p](∇MX ). (18)
Also, for any p-form ϕ,
S[p+1](X ∧ ϕ) = S(X) ∧ ϕ+X ∧ S[p](ϕ). (19)
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For any orthonormal frame {fi}i=1,··· ,n+1 of TM , we have
〈S[p]ϕ,ϕ〉 =
n+1∑
i=1
〈S(fi)yϕ, fiyϕ〉. (20)
Next, we define the interior product of an s-form with a p-form ϕ, the (p− s)-form as follows:
((X1 ∧ · · · ∧Xs)yϕ)(Y1, · · · , Yp−s) = ϕ(Xs, · · · ,X1, Y1, · · · , Yp−s).
Therefore, the scalar product with any differential (p − s)-form satisfies
〈(X1 ∧ · · · ∧Xs)yϕ,ψ〉 = (−1)
s(s−1)
2 〈ϕ,X1 ∧ · · · ∧Xs ∧ ψ〉. (21)
Finally, the action of S[p−s] on (X1 ∧ · · · ∧Xs)yϕ gives the rule
S[p−s]((X1 ∧ · · · ∧Xs)yϕ) = (X1 ∧ · · · ∧Xs)yS
[p](ϕ) − (S[s](X1 ∧ · · · ∧Xs))yϕ. (22)
In particular, this gives for s = 1
S[p−1](Xyϕ) = XyS[p](ϕ)− S(X)yϕ. (23)
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